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Abstrat
We fous our attention to the set Gr(C) of grouplike elements of a oring C over
a ring A. We do some observations on the ations of the groups U(A) and Aut(C)
of units of A and of automorphisms of orings of C, respetively, on Gr(C), and on
the subset Gal(C) of all Galois grouplike elements. Among them, we give onditions
on C under whih Gal(C) is a group, in suh a way that there is an exat sequene
of groups {1} → U(Ag) → U(A) → Gal(C) → {1}, where Ag is the subalgebra of
oinvariants for some g ∈Gal(C).
Introdution
The onept of non-abelian ohomology of groups has been extended to the framework
of Hopf algebras by P. Nuss and M. Wambst in [8, 9℄. Given a Hopf algebra H , a right
Homodule algebra A, and a right Hopf H −Amodule M , the rst desent ohomology
set D
1(H,M) of H with oeients inM is dened in terms of all Hopf module strutures
on M . When B ⊆ A is a GGalois extension, where G is a nite group ating on A
by automorphisms, then by [8, Proposition 2.5℄ there is an isomorphism of pointed sets
D
1(KG,M) ∼= H1(G,Aut(MA)), where the last stands for the rst non-abelian ohomology
set of G with oeients in Aut(MA) [12℄. Here, K
G
is the Hopf algebra of funtions on
the group G in a ommutative base ring K. In [2℄, T. Brzezi«ski has shown that this
desent ohomology an be satisfatorily extended to the framework of omodules over
orings, introduing the rst desent ohomology set D
1(C,M), where C is a oring over
∗
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a ring A, and M is a right Comodule. Sine the denition of desent ohomology of
[8℄ is a speial ase of [2, Denition 2.2℄, we know that there must be an interpretation
of the aforementioned non-abelian ohomology set H
1(G,Aut(MA)) in terms of desent
ohomology of a oring with oeients in a omodule. The rst remark in this note
(Theorem 1.7) gives suh an interpretation, in the ase M = A. Our approah uses
the fat that the omodule strutures on A over an Aoring C are parametrized by the
set Gr(C) of all grouplike elements of C [3℄. We thus onsider the partiular ase of [2,
Denition 2.2℄ of the rst desent ohomology set D
1(C, g) of the Aoring C at a grouplike
element g ∈ Gr(C) (Denition 1.4).
We fous our attention to the set Gr(C). We do some observations on the ations
of the groups U(A) and Aut(C) of units of A and of automorphisms of orings of C,
respetively, on Gr(C). Among them, let us mention that if D1(C, g) = {1}, then Aut(C)
is isomorphi to a quotient group U(A)g/U(A
g), where Ag (Denition 1.1) is the subring
of goinvariants of A, and U(A)g is a subgroup of U(A) (Corollary 2.4). We also give
(Theorem 2.6) onditions under whih the set Gal(C) of all Galois grouplike elements is a
group, in suh a way that there is an exat sequene of groups
{1} → U(Ag)→ U(A)→ Gal(C)→ {1}.
We also give some onditions on g ∈ Gal(C) to have that D1(C, g) = {1}. Our approah
here makes use of the theory of osemisimple orings developed in [6℄ and [5℄.
Some examples illustrate our results.
1 Grouplikes, non abelian ohomology and desent o-
homology
Let (C,∆C, εC) be a oring over a Kalgebra A (K is a ommutative ring). Thus, C is an
Abimodule, and ∆C : C → C ⊗A C and εC : C → A are homomorphisms of Abimodules
subjet to axioms of oassoiativity and ounitality: (C⊗A∆C)◦∆C = (∆C⊗A C)◦∆C and
(C⊗A εC) ◦∆C = (εC⊗A C) ◦∆C = C. A right Comodule is a pair (M, ρM ) onsisting of
a right Amodule and a right Alinear map ρM : M → M ⊗A C, alled right Coation,
suh that (M ⊗A ∆C) ◦ ρM = (ρM ⊗A C) ◦ ρM and (M ⊗A εC) ◦ ρM = M . A morphism
of right Comodules f : (M, ρM ) → (N, ρN) is a right Alinear map f : M → N suh
that ρN ◦ f = (f ⊗A C) ◦ ρM . With these morphisms, right Comodules form a ategory.
Details on orings and their omodules are easily available in [4℄.
Denition 1.1. An element g ∈ C is said to be a grouplike element if ∆C(g) = g⊗A g and
εC(g) = 1. The set of all grouplike elements of C will be denoted by Gr(C). The subring
of goinvariant elements is dened by
Ag = {a ∈ A| ag = ga}.
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Example 1.2. If B → A is any ring extension, and A⊗BA is its assoiated Sweedler's A
oring with omultipliation a⊗B a
′ 7→ (a⊗B 1)⊗A (1⊗B a
′) and ounit the multipliation
map a ⊗B a
′ 7→ aa′, a, a′ ∈ A, then it is lear that 1 ⊗B 1 ∈ Gr(A⊗B A). Given an SBN
(Single Basis Number) ring A, then by [1, p. 113℄, there exist elements a, a′, b, b′ ∈ A suh
that
ab+ a′b′ = 1, ba = b′a′ = 1, and b′a = ba′ = 0.
Clearly g = a⊗Z b+ a
′ ⊗Z b
′
is a grouplike element of the Sweedler Aoring A⊗Z A.
Example 1.3. Consider a oring C (resp. C
′
) over a ring A (resp. A′). Let ρ : A → A′
be a homomorphism of rings, and onsider a homomorphism of orings ϕ : C → C′ in the
sense of [7℄. This morphism restrits to a map ϕ : Gr(C) → Gr(D). Moreover, for eah
g ∈ Gr(C), ρ indues a homomorphism of rings ρ : Ag → A′ϕ(g).
It is known [3, Lemma 5.1℄ that there is a bijetion between Gr(C) and the set of all
right C-oations on the right module AA. Let [g]A denote the right Comodule struture
dened on A by g ∈ Gr(C). The right C-oation ρ[g]A : [g]A → [g]A ⊗A C ∼= C is given
by sending a 7→ ga. Conversely any right C-oation ρA determines a unique element
ρA(1) ∈ Gr(C). A similar bijetion exists taking left C-oations on the left module AA.
We denote by A[g] the left C-omodule indued by g ∈ Gr(C).
It is easily heked that the subring Ag of A an be identied with both rings of
endomorphisms of the right Comodule [g]A and of the left Comodule A[g]. That is,
Ag = End([g]A
C
) = End(CA[g]). In fat, for two grouplike elements g, h ∈ Gr(C), we have
HomC([g]A, [h]A) =
{
α ∈ A| αg = hα
}
.
Therefore, [g]A ∼= [h]A as right C-omodules if and only if g and h are onjugated in the
sense that there exists α ∈ U(A) suh that h = αgα−1. These remarks suggest, in view of
[2℄, the following denition, due to T. Brzezi«ski.
Denition 1.4. Consider the ation of the group of units U(A) of A on Gr(C)
U(A) × Gr(C) //Gr(C)
(α, g)  // αgα−1.
(1)
Let Gr(C) denote the quotient set of Gr(C) under the ation (1). If Gr(C) is not empty,
then for eah g ∈ Gr(C) we an dene the pointed set of desent 1oyles on C with
oeients in [g]A as
Z1(C, [g]A) := (Gr(C), g),
and the rst ohomology pointed set of C with oeients in [g]A as
D
1(C, [g]A) := (Gr(C), g),
where (X, x) means a pointed set with a distinguished element x ∈ X . We shall use the
simplied notations Z1(C, g) and D1(C, g), respetively, and we will refer to them as the
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pointed set of desent 1oyles on C at g, and the rst desent ohomology of C at g,
respetively. The zeroth desent ohomology group of C at g is dened to be the group of
C-omodules automorphisms of [g]A, and an be identied with the group of units U(Ag)
of the ring Ag, i.e.,
D
0(C, g) = U(Ag).
Our rst aim is to exhibit a diret evidene of the fat that D
1(C, g) is a genuine version
for orings of Serre's nonabelian ohomology of groups.
Example 1.5. Let G be a nite group ating by automorphisms on a ring A. Consider
R = G ∗ A the assoiated rossed produt. As R is a free right Amodule with basis
G, its right dual R∗ = HomA(R, A) is an A-oring aording to [13, Theorem 3.7℄ (with
omultipliation and ounit indued by the duals of the multipliation and the unit of the
A-ring R). Our next aim is to establish a bijetion between Gr(R∗) and the set of all
non abelian 1-oyles Z1(Gop, U(A)) in the sense of [12℄. Of ourse here the ation of the
opposite group Gop on the group U(A) is indued by the given ation of the group G on
the ring A. So we denote this ation by αx for every α ∈ U(A) and x ∈ Gop.
Proposition 1.6. The map Θ : Gr(R∗)→ Z1(Gop, U(A)) whih sends h ∈ Gr(R∗) to its
restrition to G is a bijetion. Under this bijetion, the trivial 1oyle orresponds to the
grouplike given by the trae map t : R→ A dened by t(
∑
x∈G xax) =
∑
x∈G ax. Moreover,
At oinides with the subring of the Ginvariant elements of A.
Proof. Let us denote by {x, x∗}x∈G ⊆ R × R
∗
the nite dual basis of the right free A-
module RA given by G. The omultipliation and the ounit of the A-oring R
∗
are
dened as follows
R∗
∆ // R∗ ⊗A R
∗
ϕ  //
∑
x∈G ϕx⊗A x
∗,
R∗
ε // A
ϕ  // ϕ(1R).
We have an isomorphism
Υ : R∗ ⊗A R
∗ // (R⊗A R)
∗ ,
(
ϕ⊗A ψ 7−→
[
r ⊗A t 7→ ϕ(ψ(r)t)
])
Now, a right A-linear map h : R→ A belongs to Gr(R∗) if and only if
h(1R) = 1A and
∑
x∈G
h x⊗A x
∗ = h⊗A h. (2)
So given h ∈ Gr(R∗), and applying Υ to the seond equality in (2), we obtain the
equality h(xy) = h(y) h(x)y, for every pair of elements x, y ∈ G. Taking y = x−1, we
get h(x−1)h(x)x
−1
= 1A = h(x)h(x
−1)x, sine h(1R) = 1A. Applying x to the equality
h(x−1)h(x)x
−1
= 1A, we obtain h(x)h(x
−1)x = h(x−1)xh(x) = 1A. That is, h(x) ∈ U(A),
for every x ∈ G. Conluding, we have dened a map
Gr(R∗)
Θ // Z1(Gop, U(A))
h
 //
[
Θ(h) : x 7−→ h(x)
]
.
(3)
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It is lear that Θ is injetive, sine G is a basis for the right A-module R. Let us hek
that it is also surjetive. Consider any 1-oyle f : Gop → U(A), and dene f̂ : R → A
by sending x ∗ a 7→ f(x)a for x ∈ G and a ∈ A. Clearly f̂ is a right A-linear map, and
ε(f̂) = f̂(1R) = f(e)1A = f(e) (here e is the neutral element of G). By the 1-oyle
ondition on f , we know that f(e) = f(e)2, that is, f(e) = 1A and so ε(f̂) = 1A. Now an
easy omputation using again the 1-oyle ondition shows that
Υ
(∑
x∈G
f̂x⊗A x
∗
)
(y ⊗A z) = Υ
(
f̂ ⊗A f̂
)
(y ⊗A z),
for every pair of elements y, z ∈ G, whih implies that ∆(f̂) = f̂ ⊗A f̂ . Therefore,
f̂ ∈ Gr(R∗). Obviously, we have Θ(f̂) = f , and this establishes the desired surjetivety.
Clearly the distinguished 1-oyle e : Gop → U(A) sending x 7→ 1 orresponds then to
the grouplike element t : R → A dened by
∑
x∈G xax 7→
∑
x∈G ax. The oinvariant ring
At oinides with the invariant subring of A with respet to the G-ation i.e. At = {a ∈
A| x(a) = a, ∀x ∈ G}.
Reall from [12℄, that two 1-oyles f and h are ohomologous if there exists α ∈ U(A)
suh that f(x) = α−1h(x)αx, for every x ∈ Gop. Using the bijetion (3), we an easily hek
that two 1-oyles are ohomologous if and only if their orresponding grouplike elements
are onjugated. On the other hand, the equality At = AG learly implies that U(At) =
U(A)G
op
, where the later stands for H
0(Gop, U(A)) the zeroth non-abelian ohomology
group as in [12℄. Therefore, we dedue from Proposition 1.6:
Theorem 1.7. The map Θ of Proposition 1.6 indues an isomorphism of pointed sets
D
1(R∗, t) ∼= H1(Gop, U(A)),
and there is an equality of groups
D
0(R∗, t) = H0(Gop, U(A)).
Remark 1.8. Sine the oring R∗ is nitely generated and projetive as a left A-module,
its ategory of right omodules is isomorphi to the ategory of right R-modules. Taking
this into aount, one an adapt the proof of Proposition 1.6 in order to show that for
every right At-module N , there is an isomorphism of pointed sets
D
1(R∗, N ⊗At [t]A) ∼= H
1(Gop,AutA(N ⊗At A)),
and an equality of groups
D
0(R∗, N ⊗At [t]A) = H
0(Gop,AutA(N ⊗At A)),
where for every right C-omodule M , D•(C,M) are dened as in [2℄, and AutA(M) is the
group of all automorphisms of the underlying right Amodule of M .
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2 Groups ating on grouplikes
The maps dened in the following lemma will be used in the sequel where the role of
the extension B → A will be played by the inlusions Ag ⊆ A, and where g runs Gr(C)
whenever Gr(C) 6= ∅.
Lemma 2.1. Let B → A be any ring extension.
(a) Let α ∈ U(A) and onsider the subring α−1Bα of A. Then the map
ψα : A⊗B A // A⊗α−1Bα A
a⊗B a
′  // aα⊗α−1Bα α
−1a′
is an isomorphism of Aorings.
(b) The map
ψ− :
{
α ∈ U(A)|α−1Bα = B
}
−→ Aut(A⊗B A)
denes an anti-homomorphism of groups.
Proof. (a) We only prove that ψα is a well dened map. So, for every a, a
′ ∈ A and b ∈ B,
we have
ψα(ab⊗K a
′) = abα ⊗α−1Bα α
−1a′
= aα(α−1bα)⊗α−1Bα a
′
= aα⊗α−1Bα (α
−1bα)α−1a′
= aα⊗α−1Bα α
−1ba′ = ψα(a⊗K ba
′),
that is, ψα is a well dened map.
(b) Straightforward.
Every grouplike element g ∈ Gr(C) of the Aoring C denes a anonial morphism of
Aorings:
cang : A⊗Ag A −→ C,
(
a⊗Ag a
′ 7−→ aga′
)
.
On the other hand, a straightforward omputation shows that
Aαgα
−1
= αAgα−1 for all α ∈ U(A). (4)
Moreover, for every α ∈ U(A), we have the ommutative diagram of homomorphisms
of Aorings:
A⊗
Aαgα
−1 A
canαgα−1
((QQ
QQ
QQ
QQ
QQ
QQ
QQ
Q
C
A⊗Ag A.
cang
66mmmmmmmmmmmmmmm
∼=ψα−1
OO
(5)
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Reall from [3℄ that a grouplike g ∈ Gr(C) is said to be Galois if cang is bijetive. It
follows from diagram (5) that g is Galois if and only if αgα−1 is Galois. Thus, if we denote
by Gal(C) the set of all Galois grouplike elements of C, then the ation (1) restrits to an
ation
U(A) × Gal(C) //Gal(C)
(α, g)  // αgα−1.
The group Aut(C) of all Aoring automorphisms of C ats obviously on Gr(C):
Aut(C) × Gr(C) //Gr(C)
(ϕ, g)  // ϕ · g := ϕ(g).
(6)
Sine every ϕ ∈ Aut(C) is, in partiular, a homomorphism of Abimodules, it follows that
the ations (6) and (1) ommute, that is
ϕ · (α · g) = α · (ϕ · g), ∀g ∈ Gr(C), ∀α ∈ U(A), ∀ϕ ∈ Aut(C).
The ation (6) restrits to an ation
Aut(C) × Gal(C) //Gal(C)
(ϕ, g)  // ϕ(g),
(7)
as the following proposition shows.
Proposition 2.2. (1) For every element g ∈ Gr(C) and ϕ ∈ Aut(C), we have Ag =
Aϕ(g). Moreover, the following diagram of morphisms of Aoring ommutes
A⊗Ag A
cang // C
ϕ

A⊗Aϕ(g) A
canϕ(g) // C.
Therefore, g ∈ Gal(C) if and only if ϕ(g) ∈ Gal(C).
(2) If g, h ∈ Gal(C), then Ag = Ah if and only if there exists ϕ ∈ Aut(C) suh that
ϕ(h) = g.
Proof. (1) We only prove that Ag = Aϕ(g). Start with an element b ∈ Ag, then bϕ(g) =
ϕ(bg) = ϕ(gb) = ϕ(g)b beause ϕ is a homomorphism of Abimodules, whih implies that
b ∈ Aϕ(g). Thus
Ag ⊆ Aϕ(g) ⊆ Aϕ
−1(ϕ(g)) = Ag.
(2) Assume that Ag = Ah for g, h ∈ Gal(C). Then ϕ = cang ◦ can
−1
h ∈ Aut(C) and
ϕ(h) = g. The onverse follows from item (1).
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For every element g ∈ Gr(C), we dene
U(A)g =
{
α ∈ U(A)| αAg = Agα
}
=
{
α ∈ U(A)| Aαgα
−1
= Ag
}
,
where in the seond equality, we have used equation (4). It is lear that U(A)g is a subgroup
of U(A) whih ontains the group of units U(Ag) of the subring Ag.
Proposition 2.3. Let C be an Aoring.
(a) For every element g ∈ Gr(C), U(Ag) is a normal subgroup of U(A)g.
(b) For every g ∈ Gr(C) and β ∈ U(A), we have
βU(A)gβ
−1 = U(A)βgβ−1 .
() If g ∈ Gal(C), then there exists an exat sequene of groups
1 // U(Ag) // U(A)g
φg //Aut(C)
α  // cang ◦ ψα−1 ◦ can
−1
g .
(d) If Gal(C) is non empty and the ation of U(A) on Gal(C) is transitive, then, for every
g ∈ Gal(C), φg is surjetive and, thus, we have an isomorphism of groups
Aut(C) ∼= U(A)g/U(A
g).
Proof. (a) Let β be an arbitrary element in U(A)g. Given an element α ∈ U(A
g), by
denition there exists γ ∈ Ag suh that βαβ−1 = γ, and so γ ∈ U(Ag). Therefore,
βU(Ag)β−1 ⊆ U(Ag).
(b) It follows from the fat that U(A)g is the stabilizer in U(A) of A
g
for the ation by
onjugation of U(A) on the set of all subalgebras of A.
() An element α ∈ U(A)g is suh that φg(α) = 1 if and only if cang ◦ ψα−1 = cang if
and only if cang ◦ ψα−1(1 ⊗Ag 1) = cang(1 ⊗Ag 1) if and only if α
−1gα = g if and only if
α ∈ U(Ag), and the exatness follows.
(d) Let g ∈ Gal(C) and ϕ ∈ Aut(C). Obviously, ϕ(g) ∈ Gal(C) and, sine Gal(C) =
{βgβ−1 : β ∈ U(A)}, there exists α ∈ U(A) suh that ϕ(g) = α−1gα. We know that
Ag = Aϕ(g) = Aα
−1gα = α−1Agα,
that is, α ∈ U(A)g. Moreover, it is easily heked that φg(α)(g) = α
−1gα and, sine g
generates C as an Abimodule, this implies that ϕ = φg(α). Therefore, φg is surjetive.
Corollary 2.4. If g is a Galois grouplike of C suh that D1(C, g) = {1}, then
Aut(C) ∼= U(A)g/U(A
g).
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Remark 2.5. When A is ommutative, Corollary 2.4 says that Aut(C) is the oGalois
group of the extension Ag ⊆ A, see [11℄ for the ase of eld extensions.
Theorem 2.6. Let C be an Aoring suh that there exists g ∈ Gal(C) and the ation
of U(A) on Gal(C) is transitive (e.g. D1(C, g) = {1}). The following statements are
equivalent:
(i) U(A)g = U(A) (i.e., αA
g = Agα for every α ∈ U(A));
(ii) U(A)h = U(A) for every h ∈ Gal(C);
(iii) the ation of Aut(C) on Gal(C) is transitive.
Furthermore, if one of these equivalent onditions is satised, then Ah = Ag for every
h ∈ Gal(C), and the map ξg : Aut(C)→ Gal(C) dened by ξg(ϕ) = ϕ(g) for ϕ ∈ Aut(C)
is bijetive and, thus, Gal(C) an be endowed with the struture of a group. Moreover,
there exists a short exat sequene of groups
{1} → U(Ag)→ U(A)→ Gal(C)→ {1}.
Proof. (i) ⇒ (iii). By assumption we have U(A)g = U(A). On the other hand, every
grouplike is of the form αgα−1 for some α ∈ U(A). Now, αgα−1 = φg(α
−1)(g), where
φg(α
−1) ∈ Aut(C) is given by Proposition 2.3.(). This means that eah grouplike element
is in the obrit of g under the ation (6).
(iii) ⇒ (ii). Given h ∈ Gal(C) and α ∈ U(A), we know from (5) that αhα−1 ∈ Gal(C).
Sine the ation of Aut(C) on Gal(C) is transitive, there is ϕ ∈ Aut(C) suh that ϕ(h) =
αhα−1. Proposition 2.3.(2) and equation (4) give now that
Ah = Aϕ(h) = Aαhα
−1
= αAhα−1,
that is, α ∈ U(A)h.
Sine (ii) ⇒ (i) is obvious, the proof of the equivalene between the three statements is
done.
If h ∈ Gal(C), then Ah = Aϕ(g) = Ag for some ϕ ∈ Aut(C). On the other hand,
it is lear from assumption that ξg is surjetive. Sine g, being Galois, generates C as
an Abimodule, it follows that the ation of every automorphism of C on g determines it
ompletely. Thus, ξg is injetive. Finally, the short exat sequene of groups is given by
Proposition 2.3.()-(d).
A ring A is said to be a right invariant basis number ring (right IBN ring for short),
if A(n) ∼= A(m) (diret sums of opies of A) as right Amodules for n, m ∈ N implies that
n = m, see [1, p. 114℄. An Aoring C is said to osemisimple if AC is a at module and
every right Comodule is semisimple, equivalently, CA is at and every left Comodule is
semisimple. A simple osemisimple oring is a osemisimple oring with one type of simple
right omodule or equivalently with one type of simple left omodule; see [5, Therorem 4.4℄
for a struture theorem of all osemisimple orings over an arbitrary ring. By [6, Theorem
4.3℄, every grouplike of a simple osemisimple oring C is Galois, that is, Gr(C) = Gal(C).
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Theorem 2.7. Let C be an Aoring, and assume that there exists g ∈ Gal(C). Assume
that either Ag is a division ring and A is a right (or left) IBN ring, or A is a division ring.
Then
Gr(C) = Gal(C) =
{
αgα−1| α ∈ U(A)
}
,
and, in partiular, D
1(C, g) = {1}.
Proof. Assume rst that Ag is a division ring and A is left or right IBN. By [6, Theorem
4.4℄ (see also [5, Theorem 3.10, Proposition 4.2℄), C is a simple osemisimple Aoring
and the funtor − ⊗Ag [g]A : ModAg → ComodC is an equivalene of ategories. Thus,
[g]A ∼= Ag ⊗Ag [g]A is a simple right omodule. Given h ∈ Gr(C), we have the right
Comodule [h]A. Sine C is osemisimple with a unique type of simple right omodule
represented by [g]A, there is an isomorphism of right Comodules [h]A ∼= ([g]A)
(n)
(diret
sum of opies of [g]A), for some non zero natural number n. This isomorphism is, in
partiular, an isomorphism of right free Amodules. Hene, n = 1 sine A is right IBN
ring. Therefore, [h]A ∼= [g]A, as omodules, whih means that h = αgα−1 for some
α ∈ U(A), and we have done. In the ase that A is a division ring, it is easy to show that
Ag is a division ring.
Corollary 2.8. Let B ⊆ A be a ring extension, and A⊗BA its anonial Sweedler's oring.
(1) If B is a division ring and A is a right or left IBN ring, then
Gr(A⊗B A) =
{
α⊗B α
−1| α ∈ U(A)
}
.
(2) If B ⊆ A is an extension of division rings and αB = Bα for every α ∈ A, then
Gr(A⊗B A) is a group isomorphi to A
×/B×.
Proof. By [6, Proposition 4.2℄, B = A1⊗B1. The orollary follows now from Theorem
2.7.
Example 2.9. Let G be a nite group ating on a division ring A as in Example 1.5, and
let T be the (division) subring of all Ginvariant elements of A. We know that T = At.
Assume that the trae map t is a Galois grouplike of R∗, where R = G ∗ A. This means
that T ⊆ A is Galois in the sense that the anonial map G ∗ A → End(TA) is bijetive
[10℄. Then, by Theorems 1.7 and 2.7, H
1(Gop, A×) = {1}. This is a version of Hilbert's 90
theorem for division rings.
Remark 2.10. The ondition αB = Bα for every α ∈ A in Corollary 2.8 is rather
strong. An easy example is the following. Let A = Cq(X, Y ) the (nonommutative) eld
of frations of the omplex quantum plane Cq[X, Y ], and B = C(X), the eld of omplex
rational funtions in the variable X (here, q 6= 1 is a omplex number). It is easy to show
that (1+Y )B 6= B(1+Y ). In fat, (1+aY )B 6= B(1+aY ) for innitely many a ∈ C×. Of
ourse, Corollary 2.8 says that D
1(Cq(X, Y ) ⊗C(X) Cq(X, Y ), 1 ⊗C(X) 1) = {1}. Thus, D
1
does not distinguish between the ommutative ase (q = 1), and the nonommutative ase.
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We propose then the following denition: given g ∈ Gr(C), we dene the nonommutative
rst desent ohomology of C at g as the set of orbits of the ation of U(A)g on Gr(C),
notation N1(C, g). There is an obvious surjetive map of pointed sets N1(C, g)→ D1(C, g).
Example 2.11. Let H be a Hopf algebra over a ommutative ring K and onsider any
right Homodule algebra A with right oation ρA : A→ A⊗KH sending a 7→ a(0)⊗K a(1)
(summation understood). Endow A ⊗K H with the Aoring struture given in [4, 33.2℄.
Then 1A ⊗K 1H is a grouplike of A⊗K H and
B := A1A⊗K1H = {a ∈ A : ρA(a) = a⊗K 1}
Moreover, 1A ⊗K 1H is Galois if and only if B ⊆ A is a Hopf-Galois Hextension. Tomasz
Brzezi«ski has pointed out [2, 2.6℄ that D
1(A⊗KH, 1A⊗K 1H) = D
1(H,A), where the last
one refers to the the rst desent ohomology set of H with oeients in A dened in [8℄.
We get then the following onsequenes of Theorems 2.7 and 2.6:
Corollary 2.12. Let B ⊆ A be a Hopf-Galois Hextension, and assume that A is left or
right IBN. If B is a division ring, then D1(H,A) = {1}. If, in addition, Bα = αB for
every α ∈ A (e.g., B ⊆ Center(A)), then
Gr(A⊗K H) =
{
α−1α(0) ⊗K α(1) : α ∈ A
×
}
is a group with the multipliation
(α−1α(0) ⊗K α(1))(β
−1β(0) ⊗K β(1)) = β
−1α−1α(0)β(0) ⊗K α(1)β(1).
We have the isomorphism of groups
A×/K×
∼= //Gr(A⊗K H), (αK
×  // α−1α(0) ⊗K α(1))
Example 2.13. A partiular ase of Example 2.11 ours when A = Ha the underlying
algebra of H , and ρH = ∆; the omultipliation of H . When K is a eld, A1⊗K1 = K and,
therefore, D
1(H,Ha) = {1} if Ha is an IBN ring. Moreover, in this ase, Gr(Ha ⊗K H) is
a group with the multipliation given in Corollary 2.12. It is easy to hek that the map
Gr(H) //Gr(Ha ⊗K H) (g
 // 1⊗K g)
is a monomorphism of groups. For instane, if H = K[C2] is the group algebra of the yli
group C2 of order 2 generated by an element g. Then the group of units of the ring H
a
is
desribed as follows:
U(Ha) =
{
k + lg| k, l ∈ K, suh that k2 − l2 6= 0
}
,
the inverse of α = k + lg ∈ U(Ha) is given by the element α−1 = (k2 − l2)−1(k − lg). Of
ourse Ha is a right and left IBN ring, but not a division ring. Therefore, Corollary 2.12
gives a omplete desription of the group Gr(Ha ⊗K H) whih is{
(k2 − l2)−1
(
k2 ⊗K 1− klg ⊗K 1− l
2 ⊗K g + klg ⊗K g
)
| k, l ∈ K, suh that k2 − l2 6= 0
}
.
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